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A B S T R A C T 

This paper outlines the salient features of the “generalized upper bound” technique and uses it to derive upper bounds 
for plane strain compression and extrusion of metals in the presence of Coulomb friction (τ = µp). For compression the 
velocity field is established by reformulating the same proposed earlier by Lee and Altan so as to be compatible with the 
interface Coulomb friction condition. For extrusion, the upper bound velocity field is derived from a stream function for 
flow through a smooth die of wedge angle (α+λ) where, α is the semi-wedge angle of the rough die, and λ is the friction 
angle (tanλ = µ). Analysis for this case is also presented assuming the flow to be radial. The analytical results are 
compared with those obtained from, the slip-line field and finite element analyses and from the rigid triangle velocity 

fields. These are also validated by some e experimental results available in literature. 
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1.  INTRODUCTION  

For most metal working operations, exact analytical 
solutions are difficult to obtain. Hence, approximate 
methods, based on limit analyses are used to get an 
estimate of the forming load. 

The most widely used of these methods is the upper 
bound method since, it provides an overestimate on the 
actual load and ensures that the operation can be 
successfully completed. 
The upper bound theorem may be stated as “for a 
plastically deforming medium, if a velocity field could 
be found that satisfies the continuity condition and the 
velocity boundary conditions, then the load calculated 
from such a velocity field is always higher than the 
actual load”. In particular, this field should be 
compatible with the rigid motion of the tool or die. A 
velocity field satisfying the above conditions is 
generally referred to as a kinematically admissible 
velocity field. Mathematically, the upper bound 
theorem may be stated as “among all the kinematically 
admissible strain rate fields, the actual one minimizes 

the expression (Prager and Hodge [1], Druckeret 
al.,[2]): 
 

∗ܬ ൌ
ଶ

√ଷ
଴ߪ ׬ ඥݒଶߝ௜௝ߝ௜௝௩ ݒ݀ ൅	

ఙబ
√ଷ
׬ ݏ݀|ݒ∆| െௌ೑

׬	 ௜ܶ ௜ܸௌ೅
 (1)                                                    ݏ݀

 
In Eq. 1 the first term on the right represents the 
internal power of deformation over the volume V of 
the deforming medium. The second term includes the 
shear power over surfaces of velocity discontinuity 
including those between the tool and the deforming 
material. The third term covers the power due to the 
traction applied on the surface ST. For applying the 
upper bound inequality, the major problem lies in 
selecting a velocity field that satisfies the above-
mentioned conditions. A number of techniques have 
been employed to tackle this problem. Thus, for plane 
strain and axisymmetric operations, one such approach 
 



ADVANCED TECHNOLOGIES AND MATERIALS VOL. 46, NO. 2 (2021) 

8 

is to divide the deformation zone into rigid triangular 
elements and to assume the energy to be dissipated due to 
velocity discontinuities at the adjacent sides of the 
adjoining triangles [3-7]. Velocity fields have also been 
constructed by expressing these as continuous functions of 
the coordinates of a point within the deformation zone [8-
10]. Alternatively, these may be derived from assumed 
stream functions [11, 12] or with the help of the conformal 
mapping technique [13, 14]. Velocity fields have also been 
established from assumed shape of the deformation zone 
boundaries [15-18]. Quite a large number of problems have 
been solved using the above techniques and an excellent 
account of these analyses may be found in the books by 
Johnson and Mellor [19] and Avitzur [20]. 
When the energy dissipation rate J* (equation 1) due to 
such a velocity field is equated with the external rate of 
work by the die or the tool, an upper bound on the 
deformation load is obtained. 
For problems where the die/metal interface friction is 
expressed by the shear friction law, τ= mk , the friction 
work can be calculated in a straight forward manner and an 
upper bound on the forming load may be readily obtained 
with the help of equation (1). When the interface friction is 
governed by Coulomb’s law (τ=µp) however, estimation of 
the friction work and hence the upper bound is not so 
simple as the friction stress in this case is a function of the 
local die pressure which is unknown. None-the-less, some 
knowledge of the forming load for these problems may be 
obtained using the methods suggested by Drucker[21], 
Kudo[6,7], Solhjoo [22] or with the help of the slab method 
of analysis [23]. 
For plane strain problems and where the deformation zone 
is discretized into rigid triangular elements, upper bounds 
on forming load, under coulomb friction condition, may be 
obtained by considering the equilibrium of normal and 
tangential forces on the sides of each element (momentum 
approach). Westwood and Wallace [24] used this method 
to calculate the loads for tube drawing, rod 
drawing/extrusion and compression. The same was also 
used by Green and Wallace [25], Green, Sparling and 
Wallace [26] for flat rolling. When the deformation zone 
involves a single triangle as in the case metal machining 
[27] or in the case of extrusion through a short wedge-
shaped die [28, 29], calculation of the upper bound using 
the above method is quite simple. As the number of 
triangular elements increase however, the equations 
originating using this method become complex and the 
“energy approach” appears to provide a better choice. 
In 1969 [30], Collins formulated the “Generalized Upper 
Bound Method” which could be used to construct 
admissible velocity fields, when the die/metal interface 
friction is governed by Coulomb’s law. He argued that the 
upper bound inequality stated by the equation 

 

׬ ௜ܶݑ௜
௨ݏ݀∗ 	൑ ׬	 ௜௝ߪ

∗
௩ௌೠ

 ௙                                  (2)ݏ݀
 

Holds irrespective of whether u* is incompatible with the 
actual velocity conditions on Su. In other words, u* need 
not be kinematically admissible. The only requirement for 

u* is that it should be constant, so that it can be taken 
outside the integral sign. Hence, for applying the upper 
bound technique, the trial velocity field should be selected 
on the consideration that it provides an upper bound on the 
“quantity of interest”, rather than whether it satisfies the 
actual velocity boundary conditions on the tool or die. He 
further stated that if the trial velocity field is such that its 
component in the direction of the resultant surface traction 
is constant, then such a velocity field would provide an 
upper bound on the forming load for the coulomb friction 
condition. Collins [30] applied this method for the 
calculation of the upper bounds on load for strip 
compression and extrusion and found reasonable 
agreement with the corresponding slip-line field solutions. 
For the above calculations, he used velocity fields that were 
composed of rigid triangular elements separated by straight 
lines of velocity discontinuity. 
Yu and Sloan [31] developed a finite element model based 
on the above upper bound approach and applied it for the 
determination of the bearing capacity of footings, resting 
on a cohesive soil. In spite of its importance in the analysis 
of the metal forming processes, however, its application to 
such problems, till date, has remained limited only to the 
two examples discussed by Collins in his original paper. 
In this investigation, new upper bound solutions for some 
plane strain metal forming operations are presented using 
the above method. The forming problems considered are 
the plane strain compression of a strip by two parallel over-
hanging platens and the plane strain extrusion through a 
wedge-shaped die using a flat rigid punch.  Coulomb 
friction is assumed and the material is taken to be rigid-
perfectly plastic. For compression, the velocity field is 
derived by modifying the same proposed earlier by Lee and 
Altan [32] and accounts for mid-plane bulging. For 
extrusion, the velocity field is constructed using a stream 
function [11] for flow through a smooth die of semi wedge-
angle (α+λ), where α is the semi wedge-angle of the rough 
die and λ is the friction angle (tanλ=µ). Solutions for this 
case are also obtained assuming the flow to be radial [9]. 
Approximate upper bounds for both cases are computed 
considering the pressure to be uniformly distributed at the 
die/metal interface. The analytical results are validated by 
those obtained using the slip-line field analysis and the 
finite element technique. These are also compared with 
some experimental results available in literature. 

2.  UPPER BOUND ANALYSIS  

2.1  STRIP COMPRESSION WITH BULGING 

We consider the plane strain compression of a strip of 
initial width 2D and initial thickness 2H by two opposed 
overhanging platens moving with the same velocity in 
opposite directions as shown in Fig. 1. The presence of 
interface friction restrains the relative motion between the 
layers of material, resulting in free surface barreling or 
bulging. Due to the presence of barreling, the strip width 
becomes maximum at the mid-plane and minimum at the 
die/metal interface. 
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Lee and Altan [32] have presented a kinematically 
admissible velocity field for this case. This may be written 
as, 
௫ݑ ൌ ሺ1ݔܣ െ  ଶሻ                                       (3a)ݖߚ

 

௭ݑ ൌ 	െݖܣ	ሺ
1 െ ଶݖߚ

3ൗ                                        (3b) 
 

And               
௬ݑ  ൌ 0                                                   (3c) 

 
where, x, y and z are the coordinates of a point within the 
deformation zone, β is the barreling parameter and A is a 
constant (Figure 1a) 
 

 

(a) 

 

(b) 

Fig. 1 Plane strain compression of a strip by overhanging platens (a) 
Physical plane and (b) Hodograph 

For Coulomb friction condition, the material velocity at the 
die/metal interface must lie on the line normal to the 

direction of the resultant surface traction [30]. Hence, the 
above velocity field is modified to (Fig. 1b) 

௫ݑ ൌ ሺ1ݔܣ െ   (4a)																																																										ଶሻݖߚ

௭ݑ ൌ െݖܣ	ሺሺ1 െ ଶሻݖߚ ⁄ 3 െ μݔܣሺ1 െ  ሻ    (4b)ݖଶሻ݂ሺݖߚ

And    

௬ݑ  ൌ 0                                                      (4c) 

Where, f(z) is a function of z and should be such that, 

f(z) = 0 at z = 0 and f(z) = 1 at z=H 

at z=H and x = 0, 

௭ݑ ൌ 	
଴ݒ

ൗܪ2  = downward velocity of the top platen. 
Hence, 

ܣ ൌ ଴ݒ	
ܪ2 ሺ1 െ ଶܪߚ

3ሻ൘൘                                 (5) 

Referring to Eq. 4, it may be seen that it satisfies the 
necessary velocity boundary conditions: 

ux= 0 at x= 0 

ux=maximum at x=D 

uz= 0 at z=0 
uz =   -vo / 2 atz =Han dx = 0 

 

Also, on the die face, 

௭ݑ ൅ ݔ_ݑߤ	 ൌ 		  ଴/2 = Constant                       (6)ݒ

The above equation satisfies the boundary conditions on 
velocity as stated by Collins [30].                                  

The strain rate components may be derived using Eq. 4. 
These are written as, 

௫ߝ ൌ ሺ1ܣ െ  ଶ)                                        (7a)ݖߚ

௭ߝ ൌ 	െܣሺ1 െ ଶሻݖߚ െ ሻݖሺ݂ݖߚ൫െ2ݔܣߤ ൅ ሺ1 െ
   (7b)																																																												ሻ൯ݖଶሻ݂ᇱሺݖߚ

௬௭ߛ ൌ 	
ଵ

ଶ
ሺെ2ݖݔߚܣ െ ൫ሺ1ݔܣߤ	 െ  ሻ൯    (7c)ݖଶሻ݂ሺݖߚ

௬ߝ ൌ ௫௬ߛ ൌ ௬௭ߛ ൌ 0																																														    (7d) 

The compression load for the strip is given by 

ܲ
ൗܭ2 ൌ 4 ௜ܹ 

Where, 

௜ܹ

.
ൌ ׬ ׬ ሺ

ଵ

ଶ
ሺߝ௫ଶ
.
൅ ௭ଶߝ

.
ሻ ൅ ௫௭ଶߛ

.
ሻଵ/ଶ

ு
଴

஽
଴  (8)   														ݖ݀ݔ݀

And the average pressure is written as 

̄݌ 2݇⁄ ൌ
ଶௐ೔

஽
																																																														   (9) 

where, k is the yield stress in shear of the work material 

Equation (8) after substitution of Eq.(7) was integrated by 
8-point Gaussian quadrature to determine the mean die 
pressure for different width to thickness ratios(D/H) and 
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for different values of µ.For the purpose of the above 
integration, f(z) was assumed to be either, 

݂ሺݖሻ ൌ ݖ ⁄ܪ 																																																												  (10a) 

or 

݂ሺݖሻ ൌ ሺ݊݅ݏ
గ

ଶ
.
௭

ு
ሻ																																																		   (10b) 

It may be seen that the velocity boundary conditions are 
also satisfied if uz is expressed as: 

௭ݑ ൌ െݖܣሺ1 െ ଶݖߚ 3⁄ ሻ െ ሺ݊ܽݐ
ఒ

ு
ሺ1ݔܣሻݖ െ  ଶሻ    (11a)ݖߚ

or 

௭ݑ ൌ െݖܣሺ1 െ ଶݖߚ 3⁄ ሻ െ ሺ1ݔܣߤ െ    (11b)			ሺுି௭ሻݖଶሻݖߚ

The plastic work rate for the same cases were computed 
using the same procedure as that outlined above. 
An alternative expression for ݌ , for this case may be 
obtained in the following manner. The total energy 
dissipation rate in compression may be written as 

∗ܬ ൌ ܹ
.

ௗ ൅ ௙ܹ

.
                                                  (12) 

Where, Wd is the deformation power, when µ = 0 and Wf 
is the friction power. Wd can be calculated from Eq. (8) by 
substituting µ = 0. We assume the normal pressure to be 
uniformly distributed over the die face. Hence, friction 
power is given by,  

௙ܹ

.
ൌ ሺ1ܣܲߤ െ  (13)                                   ܦଶሻܪߚ

where, P is the die load. Hence, 

̄݌ 2݇⁄ ൌ 2ܹ
.

ௗ/ሺ1 െ ሺ1ܣߤ െ  (14)ܦሻܦଶሻܪߚ

2.2  STRIP EXTRUSION 

The extrusion of a rigid-perfectly plastic strip of initial 
thickness 2H to a final thickness 2h through a straight 
wedge-shaped die of semi- wedge angle α is demonstrated 
in Fig. 2, only the upper half of the deformation zone being 
indicated for reason of symmetry. The upper bound 
deformation mode for this problem, proposed by Collins 
[30], consisting of a single rigid triangle is shown in Fig. 
2a. In the hodograph diagram (Fig. 2b), line ‘bd’ represents 
the velocity in the direction of the resultant surface traction 
T. Line cd is normal to line bd. It may be seen that line cd 
extended meets the horizontal at an angle of (α+λ) where, 
tanλ=µ. Thus, for upper bound calculation, for extrusion 
through rough a die of semi wedge-angle α,the velocity 
field should be that for a smooth die of semi wedge-angle 
(α+λ). This concept is used to define a stream function for 
this problem as discussed below:  
Let AB represent the die of semi-wedge angle α, and AC 
the die of semi-wedge angle (α+λ), as shown in Fig.3.HC 
is the billet thickness at entry to the die AC. Then, 
 
࡯ࡴ ൌ ࢎ ൅ ࡸ ࢻሺ࢔ࢇ࢚ ൅  ሻ                                 (15a)ࣅ

HhLtan(15b)

where, L is the die length. 

 

(a) 

(b) 

Fig. 2 Collins upper bound velocity field  
(a) Physical plane and (b) Hodograph 

 

 
Fig. 3 Die configuration for present analysis. AB is the rough die of 
semi-wedge angle α. AC is the smooth die with semi-wedge angle 

(α+λ). 

Following Nagpal [11], the stream function for the plane 
strain flow through a die of semi-wedge angle (α+λ) in 
the given coordinate system may be written as, 

ߖ ൌ ஼ܪ ଴ܸݖ஼/ሺܪ஼ െ ݔ tanሺߙ ൅  ሻሻ                    (16)ߣ

Where, x and zc are the coordinates of a point in the 
deformation zone OCAD and Vo is the billet velocity at 
die entry. 
The velocity components can now be calculated with the 
help of the following equations. Thus, 

࢛࢞ ൌ
࣒ࢊ

ࢠࢊ
ൌ ࢕ࢂ࡯ࡴ

ሺࢉࡴ െ ࢞ ࢻሺܖ܉ܜ ൅ ሻሻൗࣅ              (17a) 
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ࢠ࢜ ൌ െࣔࢸ ⁄࢞ࣔ ൌ െࢂ࡯ࡴ૙ ࢻሺܖ܉ܜ ൅ ሻࣅ ࡯ࡴሺ/࡯ࢠ െ
࢞ ࢻሺܖ܉ܜ ൅  ሻሻ૛                                                  (17b)ࣅ

and the strain rate components are given by, 

࢞ߝ ൌ
௖ܪ ௢ܸ tanሺߙ ൅ ሻߣ

ሺܪ௖ െ ݔ tanሺߙ ൅ ሻሻ૛൘ߣ      (18a) 

ሶ௭ߝ ൌ െܪ஼ ଴ܸ tanሺߙ ൅ ሻߣ /ሺܪ஼ െ ݔ tanሺߙ ൅  ሻሻଶ  (18b)ߣ

and 

௫௭ߛ ൌ ஼ܪ	 ଴ܸ ߙଶሺ݊ܽݐ ൅ ሻߣ ஼ܪ஼/ሺݖ െ ݔ tanሺߙ ൅  ሻሻଷ (18c)ߣ

௬ߝ ൌ ௫௬ߛ	 ൌ  ௬௭                                                  (18d)ߛ	

The effective strain rate at any point within OCAD is 
given by, 

ሶ̅ߝ ൌ 	ටሺ1 2ሻሺߝ௜௝⁄ . ௜௝ߝ ൌ ඨ
1
2
ሺߝ௫ଶ ൅ ൅ߝ௭ଶሻ ൅ ௫௭ଶߛ  

Hence, 

2/1
2

22

2
)

))tan((

)(tan
1(

))tan((

)tan(

















xH

z

xH

VH

c

c

c

oc

(19) 

Eqn. (19) provides the effective strain rate at a point 
within OABD with co-ordinate (x z). 
Where  z is defined by (mapping points in OCAD to those 
in OABD) 

ݖ ൌ
௭೎ሺ௛ି௫ ୲ୟ୬ఈሻ

ሺ௛೎ି௫ ୲ୟ୬ሺఈାఒሻሻ
                                                   (20) 

The deformation work Wi within OABD is given by: 

௜ܹ ൌ
ଶఙబ
√ଷ
׬ ׬

ு೎௏బ ୲ୟ୬ሺఈାఒሻ

ு೎௏బ ୲ୟ୬ሺఈାఒሻమ
ሺுି௫௧௔௡ఈሻ
଴

௅
଴ ሺ1 ൅

௧௔௡మሺሺఈାఒሻ௭೎
మ

ሺு೎ି௫ ୲ୟ୬ሺఈାఒሻሻమ
ሻ
భ
మ݀ݔ݀ݖ										(21)                                  

 

where,σo is the yield stress in compression of the work 
material. Eqn.(21) after substitution of eqn.(20) can be 
integrated using any standard quadrature formula or by the 
method of Finite difference. In the present case Wi was 

calculated using 8-point Gaussian quadrature. For the 
above calculation Vo was taken equal to unity. 
Nagpal [11] has shown that the surfaces of velocity 
discontinuity at entry and exit for the assumed stream 
function (Eq. 16) will be vertical as shown in Fig 3. The 
work rate due to velocity discontinuity at entry plane OB is 
written as: 

௘ܹ௡ ൌ ݇.
ு೎ ୲ୟ୬ሺఈାఒሻ

ு೎
మ .

ு೎
ு
׬ ݖ݀ݖ
ு
଴ ൌ 	

௞ு ୲ୟ୬ሺఈାఒሻ

ଶ
       (22a) 

௘ܹ௫ ൌ .ܭ
ு೎ ୲ୟ୬ሺఈାఒሻ

ு೎
మ . ׬ ݖ݀ݖ

ு
଴ ൌ

௞ு೎ ୲ୟ୬ሺఈାఒሻ

ଶ
        (22b) 

The mean extrusion pressure is therefore, evaluated using 
the equation 

തܲ 2݇⁄ ൌ ሺ ௜ܹ ൅ ௞ܹ ൅ ௘ܹ௫ሻ ⁄ܪ2݇                           (23) 

where, ܭ ൌ
ఙబ
√ଷ

 is the yield stress in shear of the work 

material. 

An approximate expression for the mean extrusion 
pressure for this case is also obtained if the normal pressure 
is assumed to be uniformly distributed over the die face. 
The total power J* is written as, 

∗ܬ ൌ 	 ௗܹ ൅ ௙ܹ                                                 (24) 

Where, ௗܹ ൌ ௜ܹ ൅ ௘ܹ௡ ൅ ௘ܹ௫  is the total power of 
deformation, when µ = 0 and ௙ܹ  is friction power. ௗܹ  is 
evaluated from Eqs.21 and 22 by substituting λ=0.The 
friction work ௙ܹ is calculated in the following manner: 
The material velocity parallel to the die face at any point 
in the die/metal interface is given by, 

ௗܸ ൌ ௫ܸ cos ⁄ߙ ൌ ௢ܸܪ ሺܪ െ ݔ tanߙሻ cos ⁄ߙ           (25) 

Hence, the friction work Wf   is calculated using the 

equation, 

௙ܹ ൌ න݀ ௙ܹ ൌ ߤ
ܰ
ܮ
න ௢ܸݔ݀ܪ

ሺܪ െ ݔ tanߙሻ cosߙ

௅

଴
 

or 

௙ܹ ൌ 	
ߤ ௢ܸܰܪ lnሺܪ ݄ሻ⁄

ሺܪ െ ݄ሻ൘                         (26) 

Where, N is the total normal load on the die surface given 
by, 

ܰ ൌ ܲ
ሺsin ߙ ൅ ߤ cosߙሻൗ                                  (27) 

 
and L is the die length. Substituting equation (27) in 
equation (26), we have, 

തܲ 2݇⁄ ൌ ܹ݀ ሺ1 െ ܳሻܪ⁄                         (28) 

where, 

ܳ ൌ	ܪߤ lnሺܪ ݄ሻ⁄
ሺܪ െ ݄ሻሺsin ߙ ൅ ߤ cosߙሻ൘       (29) 

2.3  ANALYSIS FOR A RADIAL FLOW FIELD (PLANE S TRAIN 

EXTRUSION) 

For upper bound analysis of axis symmetric 
extrusion/drawing through a conical die, Avitzur [9] 
assumed the deformation region to be part of a sphere with 
the flow taking place in the radial direction. Such a velocity 
field is referred to as a spherical velocity field or a radial 
flow field. For plane strain extrusion through a similar die, 
the deformation region is taken to be part of a cylinder. 
Fig. 4(a) shows the upper half of the deformation zone for 
the radial flow field where AB is the die with semi-wedge 
angle “α” and AC, the die with semi-wedge angle (α+λ). 
AB has its apex at P and AC at the origin ‘O’ of the 
coordinate system. Circular arcs CBD and AIJ with their 
centre at ‘O’ define the entry and the exit boundaries of the 
deformation zone respectively. The actual flow takes place 
through the die AB for which upper bound on the extrusion 
load is sought. Hc, H, h, Vo and Vf in Fig 4 have the same 
meaning as those given in Fig.3, section 2.2. 
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(a) 

 

(b) 

Fig. 4 Radial flow field 

Referring to Fig.4-a, it may be seen that 

ܣܱ ൌ
௛

ୱ୧୬ሺఈାఒሻ
                                                      (30a) 

ܣܲ ൌ
௛

ୱ୧୬ఈ
                                                          (30b) 

ܥܱ ൌ ܤܱ ൌ ሺሺܱܣ cosሺߙ ൅ ሻߣ ൅ ܤܣ cosߙሻଶ ൅
ଶሻܪ

ଵ
ଶൗ 																																																																														  (30c)                                                                                                                             

௖ܪ ൌ ܥܱ sinሺߙ ൅  ሻ                                     (30d)ߣ

ܤܣ ൌ
ሺுି௛ሻ

ୱ୧୬ఈ
                                                       (30e) 

ܥܣ ൌ
ሺு೎ି௛ሻ

ୱ୧୬ሺఈାఒሻ
                                                      (30f) 

௙ܸ ൌ ௖ܪ
௏೚
௛

                                                           (30g) 

Let EFR be a circular arc of radius r that intersects AB at 
F(Fig.4b). The coordinates XF and YF of point F can be 
calculated in the following manner: 

ܺி
ଶ ൅ ிܻ

ଶ ൌ  ଶ                                                    (31a)ݎ
ிܻ ൌ ܺி tanߙ ൅ ܱܳ                                          (31b) 

ܱܲ ൌ ቀ
௛

୲ୟ୬ఈ
ቁ െ ሺ

௛

୲ୟ୬ሺఈାఒሻ
ሻ                              (31c) 

ܱܳ ൌ ݄ሺ1 െ
୲ୟ୬ఈ

୲ୟ୬ሺఈାఒሻ
ሻ                                        (31d) 

Eliminating YF from equation (31a) and (31b), a quadratic 
in XF is obtained. This is written as, 

ܺிܿ݁ݏଶߙ ൅ 2ܱܳܺி tanߙ ൅ ܱܳଶ ൌ  ଶ               (32)ݎ

Retaining only the positive root, XF is finally given by 

ܺி ൌ ሺሺݎଶܿ݁ݏଶߙ െ ܱܳଶሻଵ ଶ⁄ െ ܱܳ tanߙሻݏ݋ܥଶߙ   (33a) 

Hence, 

ிܻ ൌ ሺሺݎଶܿ݁ݏଶߙ െ ܱܳଶሻଵ ଶ⁄ െ ܱܳ tanߙሻ sin ߙ cosߙ ൅
ܱܳ                                                                      (33b) 

and, 

ிߠ ൌ ܿݎܽ tan
௒ಷ
௑ಷ

                                                (33c) 

To determine the strain at any point in the flow zone ABDJ, 
it is necessary to know its mapped location in the 
deformation region ACDJ. Let G be a point on the circular 
arc FGR in ABDJ (Fig. 5(b)). It may be seen that its image 
G` in ACDJ will lie on the circular arc EFR. Let (r,ψ) and 
(r,ψc) be the polar coordinates of G and G` respectively. 
Then ψc is given by: 

߰௖ ൌ
ሺఈାఒሻట

ఏಷ
                                                            (34) 

The velocities and strain rates at point G corresponding to 
those at point G`, may be calculated with the help of the 
following equations. Thus, the radial velocity 

௥ݑ ൌ െܱܣ ௙ܸ cosሺ
ట೎
௥
)                                               (35) 

Hence, 	
௥ߝ ൌ 	

డ௨ೝ
డ௥

ൌ ܣܱ ௙ܸ cos߰௖ ଶݎ/ (36a) 

ఏߝ ൌ
௨ೝ
௥
ൌ െܱܣ ௙ܸ cos߰௖ ଶݎ/ (36b) 

And, 	
௥ఏߛ ൌ

ଵ

ଶ

డ௨ೝ
௥డఏ

ൌ
ை஺

ଶ௥ ௙ܸ sin߰௖  (36c)ݎ/

All other strain rate components are zero. The rate of 
internal energy dissipation is given by 

௜ܹ ൌ
ଶ

√ଷ
ට
ఌ೔ೕఌ೔ೕ

√ଷ
ൌ

ଶఙ೚
√ଷ
ܣܱ ௙ܸ ׬ ׬

ଵ

௥మ
ሺܿݏ݋ଶ߰௖ ൅஻஽௃஺

௦௜௡మట೎
ସ

ሻ
ଵ
ଶൗ ߰݀ݎ݀ (37) 

The work done due to velocity discontinuities at entry and 
exit can now be calculated. The shear work Wen at entry is 
given by, 

௘ܹ௡ ൌ 	න
଴ߪ
√3

߰݀ܤܱ ௢ܸ sin߰௖
ఏಳ

଴
 

or, 

௘ܹ௡ ൌ
ఙ೚
√ଷ
ܤܱ ௢ܸ

ఏಳ
ሺఈାఒሻ

ሺ1 െ cosሺߙ ൅  ሻሻ               (38)ߣ

Similarly, the shear work Wex at exit is calculated using the 
equation, 

௘ܹ௫ ൌ ׬
ఙ೚
√ଷ
ܣܱ ௙ܸ sin߰݀߰

ሺఈାఒሻ
଴                             (39) 

Itmaybeseenthatwhenλ=0,θB=αandWen=Wex.θBcanbecalc
ulatedfromequation(33)bysubstitutingr=OB.Hence,thetota
lworkofdeformationJ*givenby, 

∗ܬ ൌ ௜ܹ ൅ ௘ܹ௡ ൅ ௘ܹ௫                                          (40) 

Can be calculated and p determined using the relation, 

௣̅

ଶ௄
ൌ

௃∗

ଶ௞ு
                                                               (41) 

where,	
݇ ൌ ଴ߪ √3⁄ is the shear stress at yield of the work material. 
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In the present investigation, J* was computed by 
integrating numerically equation (37) by trapezoidal rule 
using a step size of 25 (dψ = θ/25, dr= AB/25) 

3.  FINITE ELEMENT MODELING 

The finite element analysis was carried out using the 
DEFORM 2D (V10) simulation systemdesigned to analyze 
two-dimensional flow in complex metal forming 
processes. The systemmakes use of Lagrangian 
incremental formulation for the simulation. For this 
analysis theplaten (compression) and the die and the punch 
(extrusion) were considered rigid, while 
thebilletwasassumedtodeformplasticallyaccordingtotherigi
d-plasticconstitutiveequation, 

଴ߪ ൌ  (42)                                                ܽ݌ܯ	଴̅.଴ߝ250

The stress-strain diagram corresponding to the above 
constitutive equation is shown in fig.5. For compression, 
the specimen height ‘H’ was maintained constant at 20 mm 
and its width ‘D’ was varied from 20mm to 60mm to 
determine the forging pressure at different width/thickness 
(D/H) ratios. The simulation used 912 four nodded 
quadrilateral elements with 970 nodes. 

Fig. 5 The stress-strain diagram of the deforming material 
(Equation.42) 

For extrusion, three different dies of semi-wedge angle α = 
15, 30 and 45 degrees were considered. The billet height, 
in this case was taken equal to 10mm and its initial length 
was 30mm. Two different meshing patterns were used in 
this analysis. For lower reductions, the mesh size was 
uniform throughout the deformation zone. The total 
number of elements in this case was 1000 with 1071 nodes. 
At higher reduction, finer mesh was used at die/metal 
contact region, and coarser mesh at rest of the areas. The 
total number of elements in this case was 1060 with 1123 
nodes. Rectangular elements were used in all cases. 
Remeshing was adopted when the penetration of the mesh 
into the die at contact region exceeded 0.7mm. 
Contact option in all cases was coulomb friction, with 
coefficient of friction µ=0.1, 0.2 and 0.3. All simulations 
were carried out assuming a constant work-piece 
temperature of 250 C. The punch movement was 1 mm/sec 
and temperature rise due to plastic deformation was 
neglected. 

4.  RESULTS AND DISCUSSION 

The upper bound on compression pressure calculated using 
equation (9) was minimized with respect to the bulge 
parameter β with the help of a standard program based on 
the “Golden section” minimization method [33]. The 
variation of this pressure with width to thickness ratio 
(D/H) is presented in Figure 6 as a function of the interface 
friction coefficient µ. The results indicated there are for 
F(z)=z/H (Eqn.10(a)). Die pressures were also computed 
by defining F(z) as given by equations 10(b) and 11(a) 

( ሻݖሺܨ ൌ sinሺ
௽

ଶ
.
௭

ு
ሻ ) or ሺܨሺݖሻ ൌ tanሺݖߣ ⁄ሻܪ ). However, 

over the solution range, the computed results for the three 
cases were found to differ by only 1%. The results from the 
finite element simulations are also seen to compare well 
with these upper bounds: the discrepancy between the two 
being less than 10% over the solution range. The bounds 
on forming load, calculated using equation (14) (uniform 
pressure distribution), were found to yield acceptable 
results only at low values of µ and at low width to thickness 
ratios. These were far in excess of the above upper bounds 
at higher values of µ and higher (D/H) ratios. Thus, for 
µ=0.1 and D/H =5, the results from equation (14) exceeded 
those calculated from equation (9) by about 20%. But this 
difference increased to about 50% for µ=0.2 and to about 
90% for µ=0.3. For still higher values, the results for ̅݌ 2݇⁄  
become negative. This happens when 

ሺ1ܣߤ െ ଶሻܪߚ ൐ 1. 
 

 

Fig. 6 Variation of mean die pressure with width/thickness ratio 

 

The variation of forging load with platen travel in 
compression for a strip with D=20mm and H=30mm is 
depicted in Fig. 7, the corresponding increase in the contact 
and the equatorial widths being indicated in Fig. 8 and 
Fig.9 respectively. As expected, the load increases with 
increase in height strain. However, the effect of friction is 
found to be significant only at higher strain values. It may 
also be seen that in continued compression in plane strain, 
the increase in contact and equatorial widths are not 
sensitive to interface friction. This is found to be true both 
for upper bound and the finite element analyses. This is the 
agreement with the observation made by Fan [34].  
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Fig. 7 Variation of load with decrease in specimen height 
 

 
Fig. 8 Variation of contact width with reduction in height. Comparison of 

UBA with FEM 
 

 

Fig. 9 Variation of equatorial width with reduction in height. Comparison 
of UBA with FEM 

 

 
(a) 

 
(b) 

 
(c) 

 
(i) UB using present method (    ) 

(ii)UB using rigid triangle velocity field (……) 

(iii) Results using FEM      µ=0.1,     µ=0.2,    µ=0.3 

Fig.10 Variation of mean extrusion pressure with reduction for 
different die angles 

The variation of mean extrusion pressure with reduction 
obtained from the present analyses are depicted in Figs 10 
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for die angles α = 15, 30 and 45 degrees where these are 
compared with the same calculated from rigid triangle 
velocity fields [Collins,30] and from finite element 
simulation. The figures indicate that for α=15 and 30 
degrees, the present upper bounds are in general better than 
those derived by Collins [30] at lower (<20%) and higher 
(>50%) reductions. At intermediate reductions (20-50%), 
the results obtained from rigid triangle velocity fields are 
found to be superior (Figs.1 0 - a and 1 0 - b).For 
α=45degree however, the rigid triangle velocity field yields 
lower upper bounds at all reductions and friction conditions 
(Fig.10-c). These observations are seen to agree very well 
with the findings from the finite element simulation as 
well. An attempt was made to compare the above results 
with those obtained from the slip line field solutions [35-
37]. But the results from the slip line field analysis did not 
differ from those obtained from the finite element analysis 
by more than5%.Hence, these are omitted from the present 
figures for reason of clarity. 
Calculations were also performed assuming the flow to be 
radial as described in section 3(equation 40). However, 
for the same reduction and friction condition, these were 
found to be exactly equal to those obtained from equation 
(23), derived using a stream function. This is not 
surprising , since the stream lines satisfying the equation, 

ܼ௖ ሺܪ௖ െ ݔ tanሺߙ ൅ ሻሻߣ ൌ ⁄ݐ݊ܽݐݏ݊݋ܥ  

Pass through the apex ‘O’(Fig.4) indicating that the flow is 
radial. Mean pressures were also calculated assuming the 
pressure to be uniformly distributed over the die face 
(equation 28). But these were found to be acceptable only 
for low values of µ. This is in agreement with the 
observations mentioned earlier for compression. 
Johnson [38] had carried out an extensive series of 
experiments for extrusion through square and wedge-
shaped dies for comparison with his slip line field 
solutions. He presented his experimental results between 
two theoretical curves defining the two limiting conditions 
of friction, that is,µ=0andµ=µmax. 
Johnson’s experimental results are compared within the 
present upper bounds in Figs 11-a and 11-b for α= 30 and 
45 degrees respectively. In these figures, the lower 
boundary refers to µ=0.1 and the upper one to µ=0.3. It 
may be seen that the experimental results agree reasonably 
well with the present upper bounds especially for 
α=30degrees (Fig.10-a). 
However, for α= 45 degrees, the experimental results seem 
to compare well with those calculated using rigid triangle 
velocity fields. 

5. VELOCITY FIELDS FOR AXISYMETRIC OPERATIONS 

For axis symmetric flow, the continuity equation may be 
written as, 

ఋ௨ೝ
ఋ௥

൅
௨ೝ
௥
൅

ఋ௨೥
ఋ௭

ൌ 0                                             (43) 

 
With 

௥ߝ ൌ ఏߝ ൌ െ
ఌ೥
ଶ

                                                       (44) 

Hence, for axis symmetric compression the velocity field 
is written as, 

௥ݑ ൌ ሺ1ݎܣ െ  ଶ)                                                  (45)ݖߚ

௭ݑ ൌ െ2ݖܣ ቀ1 െ
ఉ௭మ

ଷ
ቁ െ ሺ1ݎܣߤ െ  ሻ      (46a)ݖሺܨଶሻݖߚ

and, 	
ఏݑ ൌ 0                                                                 (46b) 

Where ur, uz and uθ are the velocities in r, θ and z 
directions respectively (Fig 12). F(z) in the above 
equation may be defined as in equation (10)or (11). 
 

 

(a) 

 

(b) 

(i) Present paper upper bound (        ) 

(ii) Upper bound from rigid triangle velocity field 

(           ) 
(iii) Experimental results      Pure lead unlubricated, 

     Pure lead lubricated,      Tellurium lead 
unlubricated,      Tellurium lead lubricated,      Pure 
aluminium unlubricated,      Pure aluminium 
lubricated. 

Fig.11 Comparison of present upper bounds with experimental 
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results [38] 



r

z

 

Fig. 12 Axisymmetric compression of a cylindrical billet 

 





 

Fig. 13 Axisymmetric flow through a wedge shaped die 

The stream function for axis symmetric extrusion is written 
as (Fig.13) 

߰ ൌ
஼௥೎మ

ଶ஽ிమሺ௭ሻ
                                                         (47) 

where DF (Z) is the die profile function given by 

ሻݖሺܨܦ ൌ ܴ௖ െ ݖ tanሺߙ ൅  ሻ                               (48)ߣ

The velocity components are given by, 

௭ݑ ൌ
ଵ

௥೎

ௗట

ௗ௥೎
ൌ

ଶ௖

஽ிమሺ௭ሻ
                                          (49a) 

௥ݑ ൌ
ଵ

௥೎

ௗట

ௗ௭
ൌ

ଶ஼௥೎஽ிమሺ௭ሻ

஽ிయሺ௭ሻ
                                    (49b) 

The constant C is determined from the condition that at 
z=0, DF (Z)= RC and  uz= Vo 

ܥ ൌ ௢ܸ
ோ೎
మ

ଶ
                                                          (50) 

The velocity field is, therefore, written as, 

௭ݑ ൌ
௏೚ோ೎మ

ଶሺோ೎ି௭ ௧௔௡ሺఈାఒሻሻ
                                     (51a) 

௥ݑ ൌ 	
௏೚ோ೎మ௥೎ ୲ୟ୬ሺఈାఒሻ

ሺோ೎ି௭ ୲ୟ୬ሺఈାఒሻሻయ
                                        (51b) 

ఏݑ ൌ 0                                                                 (51c) 

The detailed analysis and computed results for the above 
case will be presented in a future paper. 

6. CONCLUSIONS 

Some new upper bound solutions for plane strain 
compression and extrusion operations are presented using 
the “Generalized upper bound” technique. The interface 
friction behaviour is assumed to be governed by Coulombs 
law (τ = µp). For compression and extrusion the velocity 
fields are formulated by modifying some existing ones,so 
as to be compatible with the interface coulomb friction 
condition. This implies that for extrusion through a die of 
wedge angle ‘α’, the velocity field should be that for a 
frictionless die of wedge angle (α+λ) (tan λ = µ). It is seen 
that the geometrical changes in the billet under continued 
compression are insensitive to the value of µ. Also, the 
effect of friction becomes significant only at higher 
reductions. 
For die angles α=15 and 30degrees the present analysis 
yields lower upper bounds at lower (<20%) and higher 
(>50%) reductions. For α = 45 degrees the velocity fields 
derived using rigid triangular elements yield lower upper 
bounds at all reductions and friction conditions. The results 
compare very well with the same obtained from finite 
element simulation and from experiment. 
The upper bounds computed assuming radial flow are 
found to be equal to those obtained from velocity fields 
derived from the present stream function. Loads calculated 
assuming uniform pressure distribution at the interfaces 
give acceptable results only at very low values of µ (µ≤ 
0.1). 

NOMENCLATURE 

 
J* = Total energy dissipation 

A= a constant 

D = Strip width in forging 

H=Forging strip thickness, billet thickness at die entry in 
extrusion 

Hc = Billet height at entry to die AC (Fig. 3) 

L= Extrusion die length 

N=Extrusion die pressure 

P=Forging, extrusion punch load 
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p =Mean forging, extrusion pressure 

Q=Friction constant 

T=Resultant tool die traction 

Vo = Platen velocity in forging, billet velocity at entry to 
the extrusion die 

Vf=Product velocity in extrusion 

Wi=Internal power of deformation 

Wf=Friction power 

Wen & Wex = Power due to velocity discontinuities at the 
entry and exit in the extrusion die   respectively 

X,Y,XF,YF = Cartesian coordinates 

v = Velocity in the direction of T 

h=Extrusion billet height at exit 

vx, vy = Velocity along coordinate directions 

α = Extrusion die angle 

µ=Coefficient of friction 

λ=Friction angle 

ψ= Stream function, angular coordinate of a point in radial 
flow. 

θ = Angular coordinate of any point on AB with respect to 
origin (Fig. 4a) 

r= Radial coordinate  

,௫ߝ ,௬ߝ  ௭ = Eulerian longitudinal strainsߝ

,௫௬ߛ ,௬௭ߛ ௭௫ߛ ൌ  Eulerian shear strains 

∈ഥഥ= Effective strain 

 Bulge parameter= ߚ

଴ߪ ൌ Yield stress in compression of work material 

k = Yield stress in shear of work material 

r, θ, z = Cylindrical polar coordinates 
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